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Abstract
We consider antiPoisson superalgebras realized on the smooth Grassmann-valued functions
with compact supports in Rn and with the grading inverse to Grassmanian parity. The defor-
mations with even and odd deformation parameters of these superalgebras are presented for
arbitrary n.
1 Introduction
In [10] we described the deformation of Poisson superalgebra depending on even and finite
number of odd deformation parameters. The number of finite parameters in that case may be
arbitrary because Poisson superalgebra realized on the smooth Grassmann-valued functions
with compact support has infinite number of odd 2-cocycles in adjoint representation.
Here we consider the deformations of antiPoisson superalgebras realized on the smooth
Grassmann-valued functions with compact supports in Rn and show that there exists either
one deformation with one even deformation parameter, or one deformation with one odd
parameter.
All necessary definitions are in the next section. This text organized as follows.
Section 3 contains previously known results about second cohomology space of antibracket
and two more cohomologies for n = 1. Theorem 4.3 described the general form of the
deformations are formulated in Section 4 and proved in Section 7. Cohomology space H2
E
is
described in Section 6 and with details in Appendix 1.
2 General
The odd Poisson bracket play an important role in Lagrangian formulation of the quantum
theory of the gauge fields, which is known as BV-formalism [1], [2] (see also [3]-[5]). These odd
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1
2bracket were introduced in physical literature in [1] and were called there as ”antibracket”.
Antibracket possesses many features analogous to ones of even Poisson bracket and even
can be obtained via ”canonical formalism” with odd time. However, contrary to the case
of even Poisson bracket where there exists voluminous literature on different aspects of the
deformation (quantization) of Poisson algebra, the problem of the deformation of antibracket
is not study satisfactory yet.
In [6] the deformations antibracket realized on the space of vector fields with polyno-
mial coefficients are found and in [9] the deformation of antibracket realized on the smooth
Grassmann-valued functions with compact support is found.
The goal of present work is finding all the deformations depending on even and odd
deformation parameters of antiPoisson superalgebra realized on the smooth Grassmann-
valued functions with compact supports in Rn.
Let K be either R or C. We denote by D(Rn) the space of smooth K-valued functions
with compact supports on Rn. This space is endowed with its standard topology. We set
Dn = D(R
n)⊗Gn, En = C
∞(Rn)⊗G, D′n = D
′(Rn)⊗Gn,
where Gn is the Grassmann algebra with n generators and D′(Rn) is the space of continuous
linear functionals onD(Rn). The generators of the Grassmann algebra (resp., the coordinates
of the space Rn) are denoted by ξα, α = 1, . . . , n (resp., xi, i = 1, . . . , n). We shall also use
collective variables zA which are equal to xA for A = 1, . . . , n and are equal to ξA−n for
A = n+ 1, . . . , 2n.
The spaces Dn, En, and D
′
n possess a natural grading which is determined by that of
the Grassmann algebra. The Grassmann parity (ε-parity) of an element f of these spaces is
denoted by ε(f).
The spaces Dn, En, and D
′
n possess also another Z2-grading ǫ (ǫ-parity), which is inverse
to ε-parity: ǫ = ε+ 1.
We set εA = 0, ǫA = 1 for A = 1, . . . , n and εA = 1, ǫA = 0 for A = n+ 1, . . . , 2n.
It is well known, that the bracket
[f, g](z) =
n∑
i=1
(
f(z)
←−
∂
∂xi
∂
∂ξi
g(z)− f(z)
←−
∂
∂ξi
∂
∂xi
g(z)
)
, (2.1)
which we will call ”antibracket”, defines the structure of Lie superalgebra on the superspaces
Dn and En with the ǫ-parity.
Indeed, [f, g] = −(−1)ǫ(f)ǫ(g)[g, f ], ǫ([f, g]) = ǫ(f) + ǫ(g), and Jacobi identity is satisfied:
(−1)ǫ(f)ǫ(h)[f, [g, h]] + (−1)ǫ(g)ǫ(f)[g, [h, f ]] + (−1)ǫ(h)ǫ(g)[h, [f, g]] = 0, f, g, h ∈ En. (2.2)
Evidently, the metric ω defining antibracket
[f, g](z) = f(z)
←−
∂
∂zA
ωAB
∂
∂zB
g(z),
is constant, nondegenerate, and satisfy the condition
ωBA = −(−1)ǫAǫBωAB, ǫ(ωAB) = ǫA + ǫB,
3Here these Lie superalgebras are called antiPoisson superalgebras.1
The integral on Dn is defined by the relation
∫
dz f(z) =
∫
Rn
dx
∫
dξ f(z), where the
integral on the Grassmann algebra is normed by the condition
∫
dξ ξ1 . . . ξn = 1. We identify
Gn with its dual space G′n setting f(g) =
∫
dξ f(ξ)g(ξ), f, g ∈ Gn. Correspondingly, the
space D′n of continuous linear functionals on Dn is identified with the space D
′(Rn) ⊗ Gn.
The value m(f) of a functional m ∈ D′n on a test function f ∈ Dn will be often written in
the integral form: m(f) =
∫
dz m(z)f(z).
3 Cohomology of antibrackets (Results)
Let Dn acts in a Z2-graded space V (the action of f ∈ Dn on v ∈ V will be denoted by
f · v). The space Cp(Dn, V ) of p-cochains consists of all multilinear superantisymmetric
mappings from Dpn to V . Superantisymmetry means, as usual, that Mp( ... , fi, fi+1, ...) =
−(−1)ǫ(fi)ǫ(fi+1)Mp( ..., fi+1, fi, ...). The space Cp(Dn, V ) possesses a natural Z2-grading: by
definition, Mp ∈ Cp(Dn, V ) has the definite ǫ-parity ǫMp if
ǫ(Mp(f1, . . . , fp)) = ǫMp + ǫ(f1) + . . .+ ǫ(fp)
for any fj ∈ Dn with ǫ-parities ǫ(fj). We will often use the Grassmann ε-parity
2 of cochains:
εMp = ǫMp + p + 1. The differential d
V
p is defined to be the linear operator from Cp(Dn, V )
to Cp+1(Dn, V ) such that
dVp Mp(f1, ..., fp+1) = −
p+1∑
j=1
(−1)j+ǫ(fj)|ǫ(f)|1,j−1+ǫ(fj)ǫMpfj ·Mp(f1, ..., f˘j, ..., fp+1)−
−
∑
i<j
(−1)j+ǫ(fj)|ǫ(f)|i+1,j−1Mp(f1, ...fi−1, [fi, fj], fi+1, ..., f˘j, ..., fp+1), (3.1)
for any Mp ∈ Cp(Dn, V ) and f1, . . . , fp+1 ∈ Dn having definite ǫ-parities. Here the sign ˘
means that the argument is omitted and the notation
|ǫ(f)|i,j =
j∑
l=i
ǫ(fl)
has been used. The differential dV is nilpotent (see [7]), i.e., dVp+1d
V
p = 0 for any p =
0, 1, . . .. The p-th cohomology space of the differential dVp will be denoted by H
p
V . The
second cohomology space H2ad in the adjoint representation is closely related to the problem
of finding formal deformations of the Lie bracket [·, ·] of the form [f, g]∗ = [f, g]+~[f, g]1+ . . .
up to similarity transformations [f, g]T = T
−1[Tf, Tg] where continuous linear operator T
from V [[~]] to V [[~]] has the form T = id+ ~T1.
1 We will consider usual multiplication of the elements of considered antiPoisson superalgebras with
commutation relations fg = (−1)ε(f)ε(g)gf as well, and the variables xi will be called even variables and the
variables ξi will be called odd variables.
2If V is the space of Grassmann-valued functions on Rn then ε defined in such a way coincides with usual
Grassmann parity.
4The condition that [·, ·]1 is a 2-cocycle is equivalent to the Jacobi identity for [·, ·]∗ modulo
the ~-order terms.
In the present paper, similarly to [8], we suppose that cochains are separately continuous
multilinear mappings.
We need the cohomologies of the antiPoisson algebra Dn in the following representations:
1. V = En and f · g = [f, g] for any f ∈ Dn, g ∈ En. The space Cp(Dn,En) consists
of separately continuous superantisymmetric multilinear mappings from (Dn)
p to En.
The cohomology spaces and the differentials will be denoted byHpE and d
ad
p respectively.
2. The adjoint representation: V = Dn and f · g = [f, g] for any f, g ∈ Dn. The space
Cp(Dn,Dn) consists of separately continuous superantisymmetric multilinear mappings
from (Dn)
p to Dn. The cohomology spaces and the differentials will be denoted by
Hpad and d
ad
p respectively.
We shall call p-cocycles M1p , . . .M
k
p independent cohomologies if they give rise to linearly
independent elements in Hp. For a multilinear form Mp taking values in Dn, En, or D
′
n, we
write Mp(z|f1, . . . , fp) instead of more cumbersome Mp(f1, . . . , fp)(z).
The following theorems proved in [9] describe these cohomology of antibracket
Theorem 3.1. Let the bilinear mappings m2|1, m2|2, m2|5, m2|6 from (D1)
2 to E1 and
bilinear mappings m2|3, m2|4 from (Dn)
2 to En be defined by the relations
m2|1(z|f, g) =
∫
du∂ηg(u)∂
3
yf(u), ǫm2|1 = 1, (3.2)
m2|2(z|f, g) =
∫
duθ(x− y)[∂ηg(u)∂
3
yf(u)− ∂ηf(u)∂
3
yg(u)] +
+x[{∂ξ∂
2
xf(z)}∂ξ∂xg(z)− {∂ξ∂xf(z)}∂ξ∂
2
xg(z)], ǫm2|2 = 1, (3.3)
m2|3(z|f, g) = (−1)
ε(f){(1−Nξ)f(z)}(1−Nξ)g(z), ǫm2|3 = 1, (3.4)
m2|4(z|f, g) = (−1)
ε(f){∆f(z)}Ezg(z) + {Ezf(z)}∆g(z) ǫm2|4 = 0. (3.5)
m2|5(z|f, g) =
∫
du(−1)ǫ(f)∂yf(u)∂yg(u), ǫm2|5 = 0, (3.6)
m2|6(z|f, g) =
∫
duθ(x− y)(−1)ǫ(f)∂yf(u)∂yg(u), ǫm2|6 = 0 (3.7)
where z = (x, ξ), u = (y, η), Nξ = ξ∂ξ, and
∆ = ∂x∂ξ. (3.8)
Then
1. H2ad ≃ K
2 and the cochains m2|3(z|f, g) and m2|4(z|f, g) are independent nontrivial
cocycles.
2. Let n = 1.
Then H2
E
≃ K6 and the cochains m2|1(z|f, g), m2|2(z|f, g), m2|3(z|f, g), m2|4(z|f, g),
m2|5(z|f, g), and m2|6(z|f, g) are independent nontrivial cocycles.
53. Let n ≥ 2. Then H2
D′
≃ H2
E
≃ K2 and the cochains m2|3(z|f, g) and m2|4(z|f, g) are
independent nontrivial cocycles.
Nonlocal cocycles m2|5 and m2|6 are lost in [9] for n = 1. This is the reason to reproduce
below (in Section 6 and in Appendix 1) the proof of item 2 and item 1 for n = 1 of Theorem
3.1.
4 Deformations of antibrackets (Results)
Consider general form of deformation, [f, g]∗(z), of the antibracket [f, g](z).
Because antibracket on Dn has only two independent adjoint second cohomology, one
even (m2|4) and one odd (m2|3), we consider the deformations depending on one even and
one odd (in Grassmannian sense) parameters, ~ and θ correspondingly.
We will suppose that:
1.
[f, g]∗(z) ≡ C(z|f, g; ~, θ) = A1(z|f, g; ~) + θA0(z|f, g; ~), ǫ(Ai) = i+ 1 (4.1)
(4.2)
A1(z|f, g; 0) = [f, g](z),
2.
Ai(z|f, g; ~) =
∑
k
~
kAi|k(z|f, g)
3. Ai|k(z|f, g) ∈ Dn, for all f, g ∈ Dn;
4. [f, g]∗(z) satisfies the Jacobi identity
(−1)ǫ(f)ǫ(h)[[f, g]∗, h]∗ + cycle(f, g, h) = 0, ∀f, g, h ∈ Dn, (4.3)
or
(−1)ǫ(f)ǫ(h)C(z|C(|f, g), h) + cycle(f, g, h) = 0. (4.4)
Note that if a form C(z|f, g) satisfies the Jacobi identity then the form CT (z|f, g),
CT (z|f, g) = T
−1C(z|Tf, Tg),
satisfies the Jacobi identity too. Here T : f(z) → T (z|f) is invertible continuous map
Dn → Dn.
Formal deformations C1 and C2 are called similar if there is a continuous K[[~, θ]]-linear
parity conserving similarity operator T : Dn[[~, θ]] → Dn[[~, θ]] such that TC
1(f, g) =
C2(Tf, Tg), f, g ∈ Dn[[~, θ]] and T = id+ T1, where T1 = 0 if ~ = 0 and θ = 0.
6Theorem 3.1 allows us to prove the following theorem, stating the general form of the
deformation of antiPoisson superalgebra with even deformation parameter:
Theorem 4.1. [9] The deformation of antiPoisson superalgebra with even parameter ~
has the form
[f(z), g(z)]∗=[f(z), g(z)] + (−1)
ε(f){
~c
1 + ~cNz/2
∆f(z)}Ezg(z) + {Ezf(z)}
~c
1 + ~cNz/2
∆g(z)
(4.5)
up to similarity transformation, where Nz = z
A ∂
∂zA
, and c is an arbitrary formal series in ~
with coefficients in K.
The identity θ2 = 0 and Theorem 3.1 lead to evident result:
Theorem 4.2. The deformation of antiPoisson superalgebra with odd parameter θ has
the form
[f(z), g(z)]∗=[f(z), g(z)] + θ((−1)
ε(f){∆f(z)}Ezg(z) + {Ezf(z)}∆g(z)) (4.6)
Main result of present work is the following theorem which is proved below
Theorem 4.3. The deformation of antiPoisson superalgebra with one even and odd
parameters has either the form (4.5) or the form (4.6).
5 Preliminary and Notation
We define δ-function by the formula∫
dz′δ(z′ − z)f(z′) =
∫
f(z′)δ(z − z′)dz′ = f(z).
Evidently,
[f, g](z) = (−1)εAǫ(f)
∂
∂zA
(f(z)ωAB
∂
∂zB
g(z))− 2f∆g(z),
(−1)ǫ(g)
∫
dzf [g, h] =
∫
dz[f, g]h+ 2
∫
dzf∆gh,
where ∆ is defined by (3.8).
The following notation is used below:
T...(A)k ... ≡ T...A1...Ak..., T...AiAi+1... = (−1)
εAiεAi+1T...Ai+1Ai..., i = 1, . . . , k − 1
T...(A)k ...Q...
(A)k
... ≡ T...A1...Ak...Q...
A1...Ak
...,
(∂A)
Q ≡ ∂A1∂A2 . . . ∂AQ , (pA)
Q ≡ pA1pA2 . . . pAQ ,
and so on.
We denote by Mp(. . .) the separately continuous superantisymmetrical p-linear forms on
(Dn)
p. Thus, the arguments of these functionals are the functions f(z) of the form
f(z) =
n∑
k=0
f(α)k(x)(ξ
α)k ∈ Dn, f(α)k(x) ∈ D(R
n). (5.1)
7For any f(z) ∈ Dn we can define the support
supp(f)
def
=
⋃
(α)k
supp(f(α)k(x)).
For each set V ⊂ Rn we use the notation z
⋂
V = ∅ if z = (x, ξ) and there exist some
domain U ⊂ Rn such that x ∈ U and U
⋂
V = ∅.
It can be easily proved that such multilinear forms can be written in the integral form
(see [8]):
Mp(f1, . . . , fp) =
∫
dzp · · · dz1mp(z1, . . . , zp)f1(z1) · · ·fp(zp), p = 1, 2, ... (5.2)
and
Mp(z|f1, . . . , fp) =
∫
dzp · · · dz1mp(z|z1, . . . , zp)f1(z1) · · · fp(zp), p = 1, 2, ... . (5.3)
Let by definition
ǫ(Mp(f1, . . . , fp)) = ǫmp + pn+ ǫ(f1) + . . .+ ǫ(fp).
It follows from the properties of the forms Mp that the corresponding kernels mp have the
following properties:
ǫmp = pn + ǫMp, εmp = pn+ εMp, ǫmp = εmp + p+ 1,
mp(∗|z1 . . . zi, zi+1 . . . zp) = (−1)
nmp(∗|z1 . . . z
∗
i+1, z
∗
i . . . zp). (5.4)
Here z∗ = (x, −ξ) if z = (x, ξ).
Introduce the space M1 ⊂ C2(Dn, D
′
n) consisting of all 2-forms which can be locally
represented as
M12|2(z|f, g) =
Q∑
q=0
m1(A)q(z|[(∂zA)
qf(z)]g − (−1)ǫ(f)ǫ(g)[(∂zA)
qg(z)]f), (5.5)
with locally constant Q and the spaceM2 ⊂ C2(Dn, D
′
n) consisting of all 2-forms which can
be locally represented as
M22|2(z|f, g) =
Q∑
q=0
m2(A)q (z|[(∂A)
qf ]g − (−1)ǫ(f)ǫ(g)(∂A)
qg]f) (5.6)
with locally constant Q, where m1,2(A)q (z|·) ∈ C1(Dn, D
′
n).
The space M0 = M1
⋂
M2 is called in this paper the space of local bilinear forms. It
consists of all the form, which can be present as
M2| loc(z|f, g) =
Q∑
p, q=0
m(A)q |(B)p(z)
(
(∂A)
qf(z) (∂B)
pg(z)− (−1)ǫ(f)ǫ(g)(∂A)
qg(z) (∂B)
pf(z)
)
.
Here m(A)q |(B)p ∈ D′⊗Gn, and the summation limit Q is locally constant with respect to z.
86 H2E for n = 1 antibracket
Here we give the proof of the point b) in Theorem 3.1.
Proposition 6.1. Let n = 1.
Let the bilinear form
M2(z|f, g) =
∫
dvdum2(z|u, v)f(u)g(v),
such that M2(z|f, g) ∈ E1 for all f, g ∈ D1 be cocycle, i.e. it satisfy the cohomology equation
dad2 M2(z|f, g, h) = −(−1)
ǫ(f)ǫ(h){(−1)ǫ(f)ǫ(h)[M2(z|f, g), h(z)] +
+(−1)ǫ(f)ǫ(h)M2(z|[f, g], h) + cycle(f, g, h)} = 0. (6.1)
Then
M2(z|f, g) = c1m2|1(x|f, g) + c2m2|2(x|f, g) + c5m2|5(x|f, g) +
+c6m2|6(x|f, g) + d
ad
1 M1|1(z|f, g) +M2loc(z|f, g).
where ci are constants, m2|i are defined in Theorem 3.1 and M2loc(z|f, g) ∈M0.
The details of the proof can be found in Appendix 1.
The space of local cocycles is generated up to cobondaries by m2|3 (odd cocycle) and m2|4
(even cocycle) [9].
7 Deformation with one even and one odd parameter
Let
[f(z), g(z)]∗ = A(z|f, g; ~, θ) = A1(z|f, g; ~) + θA0(z|f, g; ~),
JA,A(z|f, g, h) = (−1)
(ǫ(f))(ǫ(h))A(z|A(|f, g; ~, θ), h; ~, θ) + cycle(f, g, h) = 0, (7.1)
where ε~ = 0, εA1 = 1, εθ = 1, εA0 = 0.
It follows from Jacobi identity (7.1):
JA1,A1(z|f, g, h) = 0, (7.2)
JA1,θA0(z|f, g, h) = 0, (7.3)
such that we have from Theorem 4.1
A1[f, g; ~] = [f(z), g(z)] + (−1)
ε(f){
~c
1 + ~cNz/2
∆f(z)}Ezg(z) + {Ezf(z)}
~c
1 + ~cNz/2
∆g(z)
(7.4)
(up to similarity transformation of [f(z), g(z)]∗)
If A0 6= 0 then we can redefine θ 7→ ~
−kθ with some definite k in such a way that the
decomposition of A0(z|f, g; ~) starts with zero degree of ~: A0(z|f, g; 0) 6= 0.
Then (7.3) gives JA1,θA0(z|f, g, 0) = 0, i.e. A0|~=0 is a cocycle, and since it is odd,
A0(z|f, g; 0) = c0|0m2|3z|f, g up to equivalence transformation.
9To prove Theorem 4 it remains to prove that if A0 6= 0 then A1(z|f, g; ~) = [f, g].
Let us assume that A0 6= 0. Then we may assume that
A0(z|f, g; ~) =
∞∑
k0=0
A0|k0(z|f, g), A0|0(z|f, g) 6= 0.
Let
A1(z|f, g) = [f(z), g(z)] + ~
k1+1c1|k1m2|4(z|f, g) +O(~
k1+2).
Define the notation
A0|[m,n](z|f, g) =
n∑
l=m
~
lA0|l(z|f, g).
Let
c1 = O(~
k1),
where k1 is some integers. k1 ≥ 1.
7.0.1 0-th, ... ,(k1)-th orders in ~
In these cases, we find
dad2 A0|[0,k1](z|f, g, h) = 0,
such that we obtain (up to similarity transformation)
A0|[0,k1−1](z|f, g, h) = c0|[0,k1]m2|3(z|f, g), c0|0 6= 0.
Here c0|[m,n] =
∑n
k=m c0|k, c0|0 6= 0.
Before we will start to consider remaining case let us formulate the following proposition
Proposition 7.1. Let
(−1)(ǫ(f))(ǫ(h)) [[A(z|f, g), h(z)] + A(z|[f, g], h)] + cycle(f, g, h) +
+cJm2|3,m2|4(z|f, g, h) = 0. (7.5)
for some c ∈ K and some A ∈ C2(Dn, Dn)
Then c = 0.
Proof.
1. Note that up to some similarity transformation A is local form, A ∈M0.
Indeed, consider the domains
i) z
⋂
[supp (f)
⋃
supp (g)
⋃
supp (h)] = supp (f)
⋂
[supp (g)
⋃
supp (h)] = ∅
and
ii) z
⋂
[supp (f)
⋃
supp (g)
⋃
supp (h)] = ∅
In these domains, Jm2|3,m2|4(z|f, g, h) = 0 and, as it is shown in [9], A(z|f, g) can be
represented in the form
10
A(z|f, g) = Aloc(z|f, g) + d
ad
1 M(z|f, g)
Aloc(z|f, g) =
N∑
a,b=0
(−1)ε(f)|εB |1,b+1m(A)a|(B)b(z)[(∂zA)
af(z)](∂zB)
bg(z)
m(B)b|(A)a = (−1)|εA|1,a|εB|1,bm(A)a|(B)b , ε(m(A)a|(B)b(∂zA)
a(∂zB)
b) = 0,
where M(z|f) is some 1-form, εM = 1.
After similarity transformation of [f, g] with T (z|f) = f(z) − ~θM(z|f) we have
A(z|f, g) = Aloc(z|f, g and Aloc(z|f, g satisfies eq. (7.5).
Choosing f(z) = ezp, g(z) = ezq, h(z) = ezr in some neighbourhood of z, we reduce eq.
(7.5) to the form
Φ(z|p, q, r)〈p, q〉 − [F (z|p, q), zr] + cycle(p, q, r) =
= c ·
(
m2|3(z|m2|4; p, q, r) +m2|4(z|m2|3; p, q, r) + cycle(p, q, r)
)
(7.6)
where
F (z|p, q) =
N∑
a,b=0
(−1)ε(f)|εB |1,b+1m(A)a|(B)b(z)(pA)
a(qB)
b = F (z|q, p) =
= m0|0(z) +mA(z)(pA + qA) +O((momenta)
2),
mA(z) = m0|A(z) = mA|0(z),
〈p, q〉 = [ezp, ezq]e−z(p+q)
Φ(z|p, q, r) = F (z|p+ q, r)− F (z|p, r)− F (z|q, r) =
= −m0|0(z) +O(momenta)
m2|3(z|m2|4; p, q, r) = m2|3(z|m2|4(|e
zp, ezq), ezr)e−z(p+q+r) =
= −
1
2
{[〈p, p〉(1− zq/2) + 〈q, q〉(1− zp/2)](1− ξα− ξβ) +
+〈p, p〉ξβ/2 + 〈q, q〉ξα/2}(1− ξγ)
m2|4(z|m2|3; p, q, r) = m2|4(z|m2|3(|e
zp, ezq), ezr)e−z(p+q+r) =
= {ξα(ξβ − 1)(uα+ vα) + ξβ(ξα− 1)(uβ + vβ)} (1− zr/2) +
+
1
2
{
1−
1
2
ξα−
1
2
ξβ −
1
2
(1− ξα)(1− ξβ)(zp+ zq)
}
〈r, r〉.
Here
zp = zApA, pA = (ui, αi), qA = (vi, βi), rA = (ti, γi), ξα = ξ
iαi, uα = uiαi
and so on.
For r = 0, we find[
m2|3(z|m2|4; p, q, r) +m2|4(z|m2|3; p, q, r) + cycle(p, q, r)
]
|r=0 = P4(p, q)
P4(p, q) = −uα− vβ + (uα)(ξβ) + (vβ)(ξα)− (uβ)(ξβ)− (vα)(ξα) +
+(uβ)(ξα)(ξβ) + (vα)(ξα)(ξβ)
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At r = 0, eq. (7.6) takes the form
Φ(z|p, q)〈p, q〉 − [F (z|p), zq]− [F (z|q), zp] = c P4(p, q), (7.7)
Φ(z|p, q) = F (z|p+ q)− F (z|p)− F (z|q), F (z|p) = F (z|p, 0).
Consider in eq. (7.7) the terms of the second order in momenta. We obtain the reduced
equation
m0|0(z)〈p, q〉+ [mA(z)qA, zp] + [m
A(z)pA, zq] = c (uα+ vβ))
which implies
c = 0.
Q.E.D.
7.0.2 (k1 + 1)-th order in ~
In this case, we find
(−1)(ǫ(f))(ǫ(h))
[
[A0|k1+1(z|f, g), h(z)] + A0|k1+1(z|[f, g], h)
]
+ cycle(f, g, h) +
+c0|0c1|k1Jm2|3,m2|4(z|f, g, h) = 0. (7.8)
It follows from eq. (7.8) and Proposition 7.1 that
c0|0c1|k1 = 0.
and so c1|k1 = 0.
Using the induction method, we obtain that if A0 6= 0 then the general solution of eq.
(7.1) (up to similarity transformation) is
[f(z), g(z)]∗ = [f(z), g(z)] + θA0(z|f, g) = [f(z), g(z)] + θ
∑
i
c0|i~
im2|3(z|f, g),
or after redefining θ
[f(z), g(z)]∗ = [f(z), g(z)] + θm2|3(z|f, g).
Appendix 1. H2E for n = 1 antibracket
1.1. General solution
Let ǫ = ε+ 1. The conomology equation for antibracket can be represented in the form
dad2 M2(f, g, h) = −(−1)
ǫ(f)ǫ(h)JM2,m0(z|f, g, h) =
−(−1)ǫ(f)ǫ(h)
(
(−1)ǫ(f)ǫ(h)[[M2(z|f, g), h(z)] +M2(z|[f, g], h)] + cycle(f, g, h)
)
= 0. (A1.1)
Introduce notation:
f(z) = f0(x) + ξf1(x) = fˇ0(z) + fˇ1(z), fˇ0(z) = f0(x), fˇ1(z) = ξf1(x).
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Represent the forms M1(z|f) and M2(z|f, g) in the form
M1(z|f) = T(1)(x|f0) + T(2)(x|f1) + ξ[T(3)(x|f0) + T(4)(x|f1)],
M2(z|f, g) = M(1)(x|f0, g0) +M(2)(x|f0, g1)−M(2)(x|g0, f1) +M(3)(x|f1, g1) +
+ξ[M(4)(x|f0, g0) +M(5)(x|f0, g1)−M(5)(x|g0, f1) +M(6)(x|f1, g1)],
M(1,4)(x|ϕ, φ) = M(1,4)(x|φ, ϕ), M(3,6)(x|ϕ, φ) = −M(3,6)(x|φ, ϕ).
We have for M2d(z|f, g) = d
ad
1 M1(f, g):
Md|(1)(x|ϕ, φ) = −T(3)(x|ϕ)∂xφ(x)− T(3)(x|φ)∂xϕ(x), Md|(4)(x|ϕ, φ) = 0, (A1.2)
Md|(2)(x|ϕ, φ) = ∂xT(1)(x|ϕ)φ(x) + T(4)(x|φ)∂xϕ(x)− T(1)(x|[ϕ, φ]0), (A1.3)
Md|(3)(x|ϕ, φ) = ∂xT(2)(x|ϕ)φ(x)− ∂xT(2)(x|φ)ϕ(x)− T(2)(x|[ϕ, φ]1), (A1.4)
Md|(5)(x|ϕ, φ) = ∂xT(3)(x|ϕ)φ(x)− T(3)(x|ϕ)∂xφ(x)− T(3)(x|[ϕ, φ]0), (A1.5)
Md|(6)(x|ϕ, φ) = ∂xT(4)(x|ϕ)φ(x)− ∂xT(4)(x|φ)ϕ(x) + T(4)(x|φ)∂xϕ(x)−
−T(4)(x|ϕ)∂xφ(x)− T(4)(x|[ϕ, φ]1), (A1.6)
[ϕ(x), φ(x)]0 = {∂xϕ(x)}φ(x), [ϕ(x), φ(x)]1 = {∂xϕ(x)}φ(x)− ϕ(x)∂xφ(x).
It follows from JM2,m0(z|fˇ0, gˇ0, hˇ0) = 0 and JM2,m0(z|fˇ0, gˇ0, hˇ1) = 0 that
M(4)(x|ϕ, φ)∂xω(x) + cycle(ϕ, φ, ω) = 0, (A1.7)
M(4)(x|ϕ, φ)∂xω(x)− {∂xM(4)(x|ϕ, φ)}ω(x) +M(4)(x|[ϕ, ω]0, φ) +M(4)(x|ϕ, [φ, ω]0) = 0,
M(1)(x|[ϕ, ω]0, φ) +M(1)(x|ϕ, [φ, ω]0)− {∂xM(1)(x|ϕ, φ)}ω(x)−
−M(5)(x|ϕ, ω)∂xφ(x)−M(5)(x|φ, ω)∂xϕ(x) = 0. (A1.8)
It follows from dad2 M2(z|fˇ0, gˇ1, hˇ1) = 0 that
M(5)(x|ϕ, φ)∂xω(x)− {∂xM(5)(x|ϕ, φ)}ω(x) + {∂xM(5)(x|ϕ, ω)}φ(x)−
−M(5)(x|ϕ, ω)∂xφ(x)−M(5)(x|[ϕ, φ]0, ω) +M(5)(x|[ϕ, ω]0, φ) +M(5)(x|ϕ, [φ, ω]1) = 0,(A1.9)
{∂xM(2)(x|ϕ, ω)}φ(x)− {∂xM(2)(x|ϕ, φ)}ω(x)−M(2)(x|[ϕ, φ]0, ω) +
+M(2)(x|[ϕ, ω]0, φ) +M(2)(x|ϕ, [φ, ω]1) +M(6)(x|φ, ω)∂xϕ(x) = 0. (A1.10)
It follows from dad2 M2(z|fˇ1, gˇ1, hˇ1) = 0 that
M(6)(x|ϕ, φ)∂xω(x)− {∂xM(6)(x|ϕ, φ)}ω(x)−M(6)(x|[ϕ, φ]1, ω) +
+cycle(ϕ, φ, ω) = 0, (A1.11)
− [{∂xM(3)(x|ϕ, φ)}ω(x) +M(3)(x|[ϕ, φ]1, ω) + cycle(ϕ, φ, ω)] = 0. (A1.12)
I. Consider Eq. (A1.7). As it was shown in [9], we find
M(4)(x|ϕ, φ) = 0.
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II. Consider Eq. (A1.9). As it was shown in [9], we find
M(5)(x|ϕ, φ) = Md|(5)(x|ϕ, φ) + loc,
where the expression for Md|(5)(x|ϕ, φ) is given by Eq. (A1.5).
III. Consider Eq. (A1.8)..As it was shown in [9], we find
M(1)(x|ϕ, φ) = Md|(1)(x|ϕ, φ) + loc,
where (the expression for Md|(1)(x|ϕ, φ) is given by Eq. (A1.2).
IV. Consider Eq. (A1.11). As it was shown in [9], we find
M(6)(x|ϕ, φ) = Md|(6)(x|ϕ, φ) + loc,
where the expression for Md|(6)(x|ϕ, φ) is given by Eq. (A1.6).
V. Consider Eq. (A1.10). As it was shown in [9], we find
M(2)(x|ϕ, φ) = M(2)8(x|ϕ, φ) +Md|(2)(x|ϕ, φ) + loc,
M(2)8(x|ϕ, φ) =
Q∑
q=0,q 6=1
M q7 (x|{∂
qϕ}φ), ∂xMˆ
q
7 (x|ϕ) = 0,
where the expression for Md|(2)(x|ϕ, φ) is given by Eq. (A1.3).
For M(2)8(x|ϕ, φ) we obtain an equation
{∂xM(2)8(x|ϕ, ω)}φ(x)− {∂xM(2)8(x|ϕ, φ)}ω(x)−M(2)8(x|[ϕ, φ]0, ω) +
+M(2)8(x|[ϕ, ω]0, φ) +M(2)8(x|ϕ, [φ, ω]1) = loc.
Let
x ∩ [supp(ϕ) ∪ supp(φ) ∪ supp(ω)] = ∅.
We obtain
Mˆ(2)8(x|[ϕ, φ]0, ω)− Mˆ(2)8(x|[ϕ, ω]0, φ)− Mˆ(2)8(x|ϕ, [φ, ω]1) = 0
or
Q∑
q=0,q 6=1
Mˆ q7 (x|{∂
q(∂ϕφ)}ω − {∂q(∂ϕω)}φ− {∂qϕ}[∂φω − φ∂ω]) = 0. (A1.13)
Let ϕ(x)→ epxϕ(x) and φ(x)→ ekx, ω(x)→ e−(p+k)x for x ∈ suppϕ.
Consider the terms of highest order in p, k in Eq. (A1.13),
[p(p+ k)Q − p(−k)Q − (p+ 2k)pQ]MˆQ7 (x|ϕ) = 0 =⇒
Mˆ q7 (x|ϕ) = 0, q 6= 0, 2 =⇒ M(2)8(x|ϕ, φ) = M
2
7 (x|{∂
2ϕ}φ) +M07 (x|ϕφ) + loc,
∂Mˆ27 (x|ϕ) = ∂Mˆ
0
7 (x|ϕ) = 0.
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Consider the terms of the second order in p, k in eq. (A1.13) (the terms of third order
are identically cancelled),
(p2 + 2pk)Mˆ27 (x|∂ϕ) = 0 =⇒ ∂xmˆ
2
7(x|y) = mˆ
2
7(x|y)
←−
∂y = 0 =⇒
m27(x|y) = c5 + 2c6θ(x− y) + loc,
where
M27 (x|ϕ) =
∫
dym27(x|y)ϕ(y) = c5
∫
dyϕ(y) + c6
∫
dyθ(x− y)ϕ(y) + loc =⇒
M(2)8(x|ϕ, φ) = c5
∫
dy{∂2ϕ(y)}φ(y) +
+2c6
∫
dyθ(x− y){∂2ϕ(y)}φ(y) +M07 (x|ϕφ) + loc.
It follows from eq. (A1.13)
Mˆ07 (x|ϕ∂φω − ϕφ∂ω) = 0 =⇒ M
0
7 (x|ϕ) = loc.
Finally, we have
M(2)(x|ϕ, φ) = c5µ˜2|5(x|ϕ, φ) + 2c6µ˜2|6(x|ϕ, φ) +Md|(2)(x|ϕ, φ) + loc,
µ˜2|5(x|ϕ, φ) =
∫
dy{∂2ϕ(y)}φ(y), µ˜2|6(x|ϕ, φ) =
∫
dyθ(x− y){∂2ϕ(y)}φ(y),
or, after equivalent transformations and notation changing
M(2)(x|ϕ, φ) = c5µ2|5(x|ϕ, φ) + c6µ2|6(x|ϕ, φ) +Md|(2)(x|ϕ, φ) + loc,
µ2|5(x|ϕ, φ) =
∫
dy{∂ϕ(y)}∂φ(y), µ2|6(x|ϕ, φ) =
∫
dyθ(x− y){∂ϕ(y)}∂yφ(y),
VI. Consider Eq. (A1.12). As it was shown in [9], we find
M(3)(x|ϕ, φ) = c1µ2|1(x|ϕ, φ) + c2µ2|2(x|ϕ, φ) +Md|(3)(x|ϕ, φ) + loc,
µ2|1(x|ϕ, φ) =
∫
dy[∂3yϕ(y)]φ(y),
µ2|2(x|ϕ, φ) =
∫
dyθ(x− y)[{∂3yϕ(y)}φ(y)− ϕ(y)∂
3
yφ(y)].
Introduce two forms m2|a(z|f, g), a = 1, 2, ǫm2|a = 1,
m2|1(z|f, g) =
∫
du(−1)ǫ(f)[∂3yf(u)]∂ηg(u),
m2|2(z|f, g) =
∫
duθ(x− y)(−1)ǫ(f)
{
[∂3yf(u)]∂ηg(u) + (−1)
ε(g)[∂ηf(u)]∂
3
yg(u)
}
−
−x
{
[∂2x∂ξf(z)]∂x∂ξg(z)− [∂x∂ξf(z)]∂
2
x∂ξg(z)
}
.
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These forms have the properties:
m2|a(z|fˇ0, gˇ0) = m2|a(z|fˇ1, gˇ0) = m2|a(z|fˇ0, gˇ1) = 0,
m2|1(z|fˇ1, gˇ1) =
∫
dy[∂3f1(y)]g1(y) = µ2|1(x|f1, g1),
m2|2(z|fˇ1, gˇ1) =
∫
dyθ(x− y)[{∂3yf1(y)}g1(y)− f1(y)∂
3
yg1(y)]−
−x[{∂2xf1(x)}∂xg1(x)− {∂xf1(x)}∂
2
xg1(x)] = µ2|2(x|f1, g1) + loc.
m2|a(z|g, f) = −(−1)
ǫ(f)ǫ(g)m2|a(z|f, g),
dad2 m2|a(z|f, g, h) = 0.
Introduce two forms m2|a(z|f, g), a = 5, 6, ǫm2|a = 0,
m2|5(z|f, g) =
∫
du(−1)ǫ(f)∂yf(u)∂yg(u),
m2|6(z|f, g) =
∫
duθ(x− y)(−1)ǫ(f)∂yf(u)∂yg(u).
These forms have the properties:
m2|a(z|fˇ0, gˇ0) = m2|a(z|fˇ1, gˇ1) = 0,
m2|5(z|fˇ0, gˇ1) =
∫
dy[∂yf0(y)]∂yg1(y) = µ2|5(x|f0, g1),
m2|6(z|fˇ0, gˇ1) =
∫
dyθ(x− y)[∂yf0(y)]∂yg1(y) = µ2|6(x|f0, g1).
m2|a(z|g, f) = −(−1)
ǫ(f)ǫ(g)m2|a(z|f, g),
dad2 m2|a(z|f, g, h) = 0.
So, we obtained
M2(z|f, g) = c1m2|1(x|f, g) + c2m2|2(x|f, g) + c5m2|5(x|f, g) +
+c6m2|6(x|f, g) + d
ad
1 M1|1(z|f, g) +M2loc(z|f, g).
The local form M2loc(z|f, g) satisfies the equation d
ad
2 M2loc(z|f, g, h) = 0, the solution of
which, as it was shown in [9], is
M2loc(z|f, g) = c3m2|3(x|f, g) + c4m2|4(x|f, g) + d
ad
1 M1|2(z|f, g),
m2|3(x|f, g) = (−1)
ε(f){(1−Nξ)f(z)}(1−Nξ)g(z), εm2|3 = 0,
m2|4(x|f, g) = (−1)
ε(f)[∆f(z)]lˆzg(z) + [lˆzf(z)]∆g(z), εm2|4 = 1.
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Finally, we find: general solution of eq. (A1.1) is
M2(z|f, g) =
6∑
1
cim2|i(x|f, g) + d
ad
1 M1(z|f, g).
1.2. Adjoint Cohomology
Let D denotes D1. We will say that the form M(f, g, ...) is compact and we will write
M = comp if M(f, g, ...) ∈ D for any f, g, ... ∈ D.
Here we prove an useful
Statement The formM2(z|f, g) is compact iff c1 = c2 = c5 = c6 = 0.and d
ad
1 M1(z|f, g) =
comp.
Proof.
We must solve the equations
c1m2|1(x|f, g) + c2m2|2(x|f, g) +M1(z|{f, g}) = comp, εM1 = 1, (A1.14)
c5m2|5(x|f, g) + c6m2|6(x|f, g) +M1(z|{f, g}) = comp, εM1 = 0. (A1.15)
First, consider eq. (A1.14).
It must be εM1 = 1, such that we have
M1(z|f) =
∫
dum1(z|u)f(u), m1(z|u) = µ(x|y) + ξην(x|y) =⇒
M1(z|f) =
∫
dy0µ(x|y)f1(y)− ξ
∫
dyν(x|y)f0(y),
and
c1m2|1(z|f, g) + c2m2|2(z|f, g) +
∫
dyµ(x|y)[f ′1(y)g1(y)− f1(y)g
′
1(y)] =
= comp, (A1.16)∫
dyν(x|y)[f ′0(y)g1(y)− f1(y)g
′
0(y)] = comp. (A1.17)
Consider eq. (A1.17). Choosing g0(y) = y for y ∈ suppf1 and f0(y) = 1 for y ∈ suppg1,
we obtain ∫
dyν(x|y)f(y) = comp, ∀f ∈ D.
Turn to eq. (A1.16).
i) Choosing f1(y) = 1 for y ∈ suppg1, we obtain∫
dyµ(x|y)g′(y) = comp, ∀g ∈ D =⇒
=⇒ c1m2|1(z|f, g) + c2m2|2(z|f, g)− 2
∫
dyµ(x|y)f1(y)g
′
1(y) = comp.
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Further choosing g0(y) = y for y ∈ suppf1, we find finally∫
du0µ(x|u0)f(u0) = comp, ∀f ∈ D,
and as a consequence
c1m2|1(z|f, g) + c2m2|2(z|f, g) = comp.
Let x→ −∞. We obtain c1m2|1(z|f, g) = comp =⇒ c1 = 0 =⇒ c2 = 0.
Now, consider eq. (A1.15).
Since εM1 = 0, we have
M1(z|f) =
∫
dy0µ(x|y)f0(y)− ξ
∫
dyν(x|y)f1(y),
and
c5µ2|5(x|f0, g1) + c6µ2|6(x|f0, g1) +
∫
dyµ(x|y)f ′0(y)g1(y) = comp, (A1.18)∫
dyν(x|y)[f ′1(y)g1(y)− f1(y)g
′
1(y)] = comp. (A1.19)
Setting g1(y) = 1 for y ∈ suppf1 in eq. (A1.19), we find
∫
dyν(x|y)f ′1(y) = comp,
∀f1(y) ∈ D =⇒
∫
dyν(x|y)f1(y)g
′
1(y)] = comp. Choosing g1(y) = y for y ∈ suppf1, we
obtain ∫
dyν(x|y)f(y) = comp, ∀f(y) ∈ D.
Now, setting f0(y) = y for y ∈ suppg1 in eq. (A1.18), we find∫
dyµ(x|y)g(y) = comp, ∀g(y) ∈ D =⇒
=⇒ c5µ2|5(x|f0, g1) + c6µ2|6(x|f0, g1) = comp =⇒ c5 = c6 = 0.
As a consequence, all forms m2|i(z|f, g), i = 1, 2, ..., 6, are independent nontrivial coho-
mology.
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